In Section 5.4, we have developed a functional formalism to find all connected vacuum diagrams and their multiplicities. These serve as a basis for deriving all diagrams contributing to twoand four-point functions. This is done by removing from the connected vacuum diagrams one line and two lines, respectively. Instead of the two lines we may also remove a vertex, as pointed out in Section 5.5, where we also indicated a way to implement the recursive formalism for the generation of all graphs on a computer [1], and the reader is referred to the detailed original paper for a detailed explanation of the techniques.
The generation starts with all connected vacuum diagrams. For the generation of tadpole-free two-and four-point diagrams, only vacuum diagrams without cutvertices are needed. From these, the connected two-and four-point diagrams are constructed by cutting lines and vertices, respectively. These diagrams may now contain cutvertices. In the last step, we select the 1PI diagrams.
Since we shall eventually be interested only in the renormalization group functions of the theory, we can reduce the number of diagrams further by selecting only those two-and fourpoint 1PI diagrams without cutvertices. Recall that the pole part KRG of a diagram G with a cutvertex contains only ε −n -poles with n ≥ 2, as explained on page 191. It contributes to the renormalization constants, but not to the renormalization group functions due to the cancellation of all higher ε-poles (see Section 10.3). Nevertheless, we find it useful to include diagrams with cutvertices at each stage of the calculations, since they permit us to check the correctness of the ε-poles via the necessary cancellations. They appear among the other diagrams in Appendix A, for example, the first two-, three-, and four-loop diagrams on page 416, or those with numbers 2 to 7 on page 417.
Algebraic Representation of Diagrams
When generating Feynman diagrams by the method described in Sections 5.4 and 5.5, an important problem is the identification of topologically inequivalent diagrams. For this purpose we set up an algebraic specification of diagrams. With each diagram G, we associate a diagram matrix G. The row and column indices i and j of its matrix elements G ij run from zero to the number of vertices p. Each element G ij gives the number of lines joining the vertices i and j. In the φ 4 -theory, the matrix elements all lie in the interval 0 ≤ G ij ≤ 4. The diagonal elements G ii count the number of self connections of the i th vertex. External lines of a diagram are labeled as if they were connected to an additional dummy vertex with the number 0. The irrelevant matrix element G 00 is set equal to zero. The matrix is symmetric and contains (p + 1)(p + 2)/2 − 1 independent elements. Unfortunately, the matrix is not unique. There are obviously several matrices characterizing each diagram, depending on the numbering of the vertices. All of them contain the same information on the numbers S, D, T or F of double, triple, or fourfold connection in a diagram, respectively.
The number S is given by the sum of the numbers on the diagonal, D by the number of times the value 2 appears above the diagonal, and T and F by the number of times the values 3 and 4 appear above the diagonal. For an amputated diagram in which the external lines are not connected to labeled vertices, these numbers include multiple connections of the external lines to an imagined additional dummy vertex (labeled 0 in the matrices). Note that this definition of S, D, T or F differs from the one on page 46 for diagrams whose external lines are connected to labeled external positions.
What does the matrix tell us about the number of identical vertex permutations N IVP which appears in the multiplicity and weight formulas (3.14)-(3.17)? If the diagram is amputated, as it is the case for the diagrams under consideration, N IVP includes all vertex permutations, also those that involve vertices with external lines. The number N IVP is the number of all permutations of lines or rows which leave the matrix unchanged. The dummy vertex 0 is omitted from the permutations. This implies that the number of identical vertex permutations is not equal to that of vacuum diagrams obtained by connecting the external lines to the dummy vertex 0. Given the numbers N IVP , S, D, T , the total weight of an amputated Feynman diagram is given by
This formula yields the same number as formula (3.17), where we differentiated distinguished between internal and external lines. A simple example is shown in Fig. 14.1. Table 14 .1 lists explicitly the matrix elements and the numbers N IVP for the vacuum diagrams up to eight loops without cutvertices.
The matrix G ij contains some more information about the properties of a diagram. First, the connectedness of a diagram may be checked by inspection. If a diagram is not connected, the matrix G ij is a block matrix for a certain vertex numbering. Second, the matrix G (ij) contains information on the presence of cutvertices. Recall their definition on page 188 and the description of its properties in Section 11.3 that if a connected diagram falls into two pieces after cutting a vertex, this vertex is called a cutvertex. If a diagram contains a tadpole part or a self-connection it necessarily contains a cutvertex. For vacuum diagrams, the opposite is also true. In the matrix G ij , a cutvertex with the number i manifests itself by making the G ij approximately a block matrix. The blocks overlap on the diagonal at (i, i), so that the matrix takes block form if the ith row and column are eliminated. Third, the matrix G (ij) helps us to recognize a cutline, a line whose cutting makes a connected diagram fall into two pieces. Recall the definition on page 55. Such a line is identified by cutting it and testing the matrix G ij associated with the resulting modified diagram for connectedness. A connected diagram without cutlines is 1PI. In the normal phase of the φ 4 -theory, vacuum diagrams do not contain any cutlines. Since the vertex numbering is arbitrary, the matrix representation of a diagram is, so far, not unique. Examples for such equivalent matrices are shown in Fig. 14.1. A unique representation is found by associating with each matrix a number whose digits are composed of the matrix elements G ij (0 ≤ j ≤ i ≤ p, j = 0). More explicitly, we form the following number with [(p + 1)(p + 2)/2 − 1]-digits:
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The matrix associated with the smallest number is chosen as the unique representation of the diagrams. In Fig. 14.1 it is the matrix (b3). It will further be useful to introduce a more condensed notation for diagrams with no selfconnections, where all numbers G ii are omitted since they are zero. Then we are left with a reduced numberĜ
If we consider vacuum diagrams, there are no external lines such that j = 0. Therefore, vacuum diagrams without self-connections may be characterized uniquely by the matrix with the lowest numberĜ
All vacuum diagrams without self-connections are displayed in Fig. 14.3. The numbers (14.4) are listed in 
Generation Procedure
We now describe the shortened recursive graphical scheme starting with the generation of vacuum diagrams. The shortening is possible by observing that in the full graphical recursion relation in Fig. 5 .3, the diagrams produced by the last, nonlinear term are no new diagrams, but change only the weights of those generated by the first two linear terms. Since we possess a simple counting formula (3.17) for the weights, we do not have to solve the full recursion relation, but generate the diagrams by a graphical recursion based only on the first two operations in Fig. 5 .3, and ignoring the weights. The two-and four-point diagrams are then obtained by cutting one line and a vertex, respectively, as described in Section 5.5.
Vacuum Diagrams
The generation of all diagrams of the theory begins with q ff , the only vacuum diagram with one vertex. The addition of a further vertex to a diagram with p vertices is performed in two ways, both illustrated in Fig. 14.2. First, we cut a line and insert a new vertex with a self-connection. This is done for all lines in each vacuum diagram with p vertices. Cutting topologically equivalent lines generates equivalent diagrams, and only one of such equivalent lines needs to be cut. Next, we cut two lines at a time and join the four ends in a new vertex. The matrices G ij of each newly generated diagram and their associated numbers of Eq. (14.2) have to be identified, and compared to those of previously obtained diagrams to avoid repeated generation of topologically equivalent diagrams. The occurrence of cutvertices during the generation of the vacuum diagrams is registered for later use.
The vacuum diagrams obtained in this way are automatically connected. For the calculation of the renormalization constants, we need only diagrams without tadpole parts which are generated by vacuum diagrams without cutvertices. All vacuum diagrams without cutvertices up to seven vertices are pictured in Fig. 14.3. 
Two-Point Diagrams
A connected two-point diagram can be generated from a vacuum diagram with the same number of vertices by cutting a line. All connected two-point diagrams may be found in this way. Repeated generation is again avoided by taking into account symmetries among the lines, i.e. by selecting only one out of a set of topologically equivalent lines as illustrated in Fig. 14.4 . All generated diagrams are connected because the φ 4 -theory does not admit vacuum diagrams with cutlines. They are, however, not necessarily 1PI since they may have cutlines. To exclude diagrams with cutlines each line is taken away, and the modified diagram is checked for connectedness. In this way, all 1PI two-point diagrams can be obtained.
Two-point diagrams with tadpole parts are generated from vacuum diagrams with cutvertices, whereas vacuum diagrams without cutvertices lead to tadpole-free two-point diagrams. 
c are generated by cutting the line 1, 2, or 3, respectively.
All 1PI two-point diagrams, with and without tadpole parts, contribute to the mass renormalization. They are shown in Fig. 14.7 . The weight factors and the unique matrix representations for all 1PI two-point diagrams are listed on page 266 in Table 14 .3 . These diagrams can also be generated from the four-point diagrams as explained in Subsection 14.2.4. For the field renormalization, on the other hand, we need only the two-point diagrams without tadpoles. These diagrams can of course also be generated from the four-point diagrams, but they can more easily be generated directly from the vacuum diagrams without cutvertices listed in Fig 14. 3. The resulting two-point diagrams are then automatically tadpole-free. The weight factors and the unique matrix representations for all tadpole-free 1PI two-point diagrams are listed in Table  14.3 . A two-point diagram with L loops is generated out of a vacuum diagram with L + 1 loops, such that for the five-loop calculation the vacuum diagrams up to six loops are needed. The only two-point diagram with one loop is the tadpole diagram itself. The lowest-order vacuum diagram leading to a non-trivial two-point function has therefore two loops. In Table 14 
Four-Point Diagrams
A four-point diagram with p vertices is generated by removing a vertex from a vacuum diagram with p + 1 vertices. The resulting four-point diagram is not connected if the removed vertex is either a cutvertex or a vertex with self-connections. The resulting four-point diagram will have no tadpole part if the vacuum diagram from which it is obtained has no cutvertex. All vacuum diagrams of this type up to seven vertices are listed in Fig. 14.3 . Cutting vertices in these diagrams generates all connected four-point diagrams without tadpole parts. Removing vertices which participate in identical vertex permutations leads to equivalent diagrams. An example is drawn in Fig. 14.5. Choosing only one of these vertices avoids repeated generation of the same diagram [3] . Finally, the 1PI diagrams have to be selected. Each line of the four-point diagrams is taken away, and the modified diagram is checked for connectedness. For example, if in Fig. 14.3 and therefore not connected after deleting the line connecting the vertex to the rest. A detailed list of the matrix representations and the weight factors of the 1PI four-point functions without tadpoles is given in Table 14 .3 .
Four-Point Diagrams for Mass Renormalization
Recall that the diagrams relevant for the mass renormalization are a subset of the connected four-point diagrams with p vertices. They emerge by differentiating the connected two-point diagrams with p − 1 vertices with respect to m 2 . The differentiation generates a φ 2 -vertex insertion, as explained in Section 2.4. The resulting four-point diagrams possess a vertex with two external lines carrying no momenta. Such four-point diagrams are found by inspecting the matrix representation. There must exist a double connection between an internal vertex and zero, which codes the external vertex. The matrix representation for the two-point diagram follows simply by deleting the double connection to the external vertex. The weight factor for the two-point diagram can then be read off from this matrix. Note that there is no one-toone correspondence between two-point and four-point diagrams. mass of topologically equivalent lines leads to equivalent four-point diagrams. The differentiation therefore generates a factor giving the number of lines in the two-point diagram which are topologically equivalent to the differentiated line. This factor is then combined with the weight factor of the two-point diagram W m 2 G (2) to give the mass weight factor of the four-point diagram W m 2 ∂ m 2 G (2) . Differentiating an n-fold connection gives the factor n. If a two-point diagram has only one external vertex, the two internal lines connected to it are topologically equivalent lines, and the differentiation of each of them leads to the same four-point diagram. Such a diagram always receives an extra factor 2. Two examples are shown in Fig. 14.6. 
Check for Number of Connected Diagrams
The sum of the weight factors of all diagrams with a certain number of vertices and external lines is given by Wick's rule as discussed in Chapter 3. For checking the reduced number of selected 1PI diagrams without tadpole parts, however, the rule is of no use.
The sums of the weight factors of the diagrams appearing in the expansion coefficients of the partition function Z p , the two-point function G If only the connected diagrams in the cumulants Z p c , G
p c , and G In Table 14 .4 we list the number of the diagrams appearing in Z p c , G
p c , and G
p c , and the sum of the corresponding weight factors. 
